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Keller box methodThis article presents a numerical investigation of MHD flow of Casson fluid model with variable viscosity
towards a stretching sheet with variable thickness. Cattaneo–Christov heat flux model is used instead of
Fourier’s law to explore the heat transfer characteristics. The governing partial differential equations are
transformed into nonlinear ordinary differential equations by using suitable similarity transformations.
These equations are solved by using a numerical technique, known as Keller box method. The relevant
physical parameters appearing in velocity and temperature distributions are analyzed and discussed
through graphs. In order to check the accuracy of the method comparison has been made with some
previous published results.
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The study of non-Newtonian fluids is an important topic for
researchers due its industrial applications in construction of paper
production, polymer sheet, hot rolling, glass-fabric, wire drawing
and petroleum production. The tangent hyperbolic fluid, Maxwell
fluid, Williamson fluid, viscoelastic fluids, etc. are non-Newtonian
fluids describing the nonlinearity behavior. Casson fluid model is
one of the most commonly used rheological model and has number
of examples such as blood, fruit juices, soup, sauce, chocolate, etc.
Nadeem et al. [1] studied the boundary layer flow of a Casson fluid
for a heat transfer towards an exponentially stretching surface in
presence of thermal radiation. Mukhopadhyay et al. [2] presented
the concept of two-dimensional flow over unsteady stretching
surface. Mukhopadyay [3] discussed the boundary layer for a
Casson fluid and heat transfer passing through a nonlinear stretch-
ing surface. Nadeem et al. [4] investigated three-dimensional
steady flow of Casson fluid past a porous linear stretching sheet.
Mukhopadhyay et al. [5] investigated the numerical solution for
a steady boundary layer flow and heat transfer in a Casson fluid
over exponentially stretching permeable surface with prescribed
heat flux. Mahanta et al. [6] presented the concept of MHD
three-dimensional Casson fluid pass a porous linear stretching
sheet. Mustafa et al. [7] studied the boundary layer flow for aCasson nano fluid convinced by nonlinear stretching surface. Ani-
masaun et al. [8] investigated the boundary layer flow for steady
incompressible laminar free convective magneto-hydrodynamic
(MHD) Casson fluid over an exponential stretching surface rooted
in a thermal stratified medium. Das et al. [9] analyzed the effect
of mass and heat transfer for unsteady Casson fluid in a vertical
plat. Raju et al. [10] discussed the heat and mass transfer of Casson
fluid over an exponentially porous stretching sheet. Ramesh et al.
[11] presented the idea of generalized Couette flow for an
incompressible Casson fluid between the same plates using same
boundary condition. Khalid et al. [12] investigated the free
convection flow of a Casson fluid over a fluctuating vertical plat
with constant wall temperature.
The study of boundary layer flow over a continuously stretching
sheet has practical applications in physics, chemistry and
engineering. Many metallurgical processes such as drawing of
plastic films, annealing, thinning of copper wires, etc plays an
important role for governing momentum and heat transfer bound-
ary layer flow for a stretching sheet. Ganesh et al. [13] investigated
the numerical solution for nano-fluid over linearly semi-infinite
stretching sheet in the presence of magnetic field. Dessie et al.
[14] presented the concept of MHD flow for incompressible viscous
fluid and heat transfer phenomena over a stretching sheet
embedded in porous medium in presence of heat source/sink and
viscous dissipation. Hakeem et al. [15] studied the effect of partial
slip on hydro-magnetic boundary layer flow and heat transfer due
to stretching surface with thermal radiation. Ene et al. [16]
cFig. 1. Stretching sheet with variable.
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flow and heat transfer over an exponentially stretching sheet.
Abass et al. [17] presented the laminar flow for a viscous fluid
due to unsteady stretching/shrinking cylinder with partial slip con-
ditions. Hayat et al. [18] investigated the hydromagnetic third-
grade fluid over a continuously stretching cylinder and solved
the problem via homotopic procedure. Malik et al. [19] studied
the approximate solution for MHD flow of tangent hyperbolic fluid
model over a stretching cylinder. Sandeep et al. [20] deliberated
the concept of two dimensional MHD radiative flows and heat
transfer of a dusty nano fluid over exponentially stretching surface.
The study of non-flatness stretching sheet with variable thick-
ness is useful in the mechanical, civil, marine, aeronautical struc-
ture and designs. Fang et al. [21] investigated numerically the
boundary layer flow of viscous fluid over a stretching sheet with
variable thickness. Khader et al. [22] studied two dimensional
boundary layer flows over a continuously stretching sheet with
variable thickness by encountering the slip. Sarangi et al. [23]
analyzed the boundary layer flow and heat transfer of two
dimensional two phase flow over a stretching sheet. Khader et al.
[24] investigated the boundary layer flow for a Newtonian fluid
over a permeable stretching sheet with power law surface over a
stretching sheet with variable thickness. Hayat et al. [25] studied
the boundary layer flow for a Maxwell fluid over a stretching sheet
with variable thickness.
The classical Fourier’s law describes the heat transfer mecha-
nism for relevant situations. The major drawback for parabolic
energy equation is that unique disturbance is felt instantly
throughout whole medium. Cattaneo–Cheristov heat flux model
is the modified Fourier’s form which gives thermal relaxation time.
Christov [26] amended the Cattaneo’s law by thermal relaxation
time along with Oldroyd’s upper-convicted derivative, in order to
preserve the material invariance of the model. Han et al. [27] pre-
sented the coupled flow and heat transfer in viscoelastic fluid over
a stretching plat with velocity slip boundary. Raju et al. [28] stud-
ied the numerically solution for heat and mass transfer behavior of
Casson fluid over an exponentially stretching sheet. Mustafa [29]
investigated the Cattaneo–Christov heat flux model in a rotating
flow of viscoelastic fluid bounded by stretching surface.
From published literature it is observed that steady MHD flow
of Casson fluid over a stretching sheet with variable thickness
has not been discussed so far. The viscosity of the fluid is assumed
to be erratic with temperature. Cattaneo–Christov heat flux model
which is a modified version of the classical Fourier’s law is used in
this work to explore the insight of heat transfer phenomena. For
better accuracy the modeled differential equations are solved
numerically using Keller box method. The behavior of different
pertinent parameters on velocity and temperature profiles is dis-
cussed in detail.2. Mathematical formulation
Consider the steady two-dimensional incompressible boundary
layer flow of Casson fluid over stretching sheet with variable thick-
ness. The velocity of sheet is assumed to be Uw = U0(x + b)m, where
U0 the reference velocity is. It is assumed that the wall thickness of
the stretching sheet may increase or decrease with distance from
slot by varying the power index m.
For m = 1 the problem reduces to flat stretching sheet. The
viscosity of the fluid is assumed to be variable i.e., l ¼ l0efðTT1Þ.
Cattaneo–Christov heat flux model is used instead of Fourier’ s
law to explore the heat transfer characteristic. Cartesian coordi-
nates x-axis along the sheet with y-axis are taken normal to it.
The magnetic field of strength B0 is applied normal to the sheet




¼ r:sþ qb; ð2Þ
where V is the velocity field, q is the density, DDt material time
derivative, s is Cauchy stress tensor, r operator and b ¼ J  Bq is
the body force. The stress tensor is defined below
s ¼
2 lB þ Pzﬃﬃﬃﬃ2pp
 
eij; p > pc
2 lB þ Pzﬃﬃﬃﬃ2pp
 
eij; p < pc
ð3Þ
where Pz is the yield stress of the field, p is the product of the com-
ponent of rate of deformation rate itself, lB is a plastic dynamic vis-
cosity of the non-Newtonian fluid, i.e. p = eijeji and eij denotes the
ði; jÞ component of the deformation rate and pc the critical value
of p based on non-Newton model.The conservation law of mass,
momentum and energy equations takes the following form after






























qcpV  rT ¼ r  q; ð6Þ
where u and v are the velocity components along x and y-directions
respectively, m is the kinematic viscosity, cp is the specific heat, q is
the density, T is the temperature of the fluid, b is the Casson param-
eter, B0 is the magnitude of magnetic field, q is the heat flux and l is
the variable viscosity. From Eq. (6)
qþ k2 @q
@t
þ V  r  q q:r V þ ðr  VÞq
 
¼ kr T; ð7Þ
where k2 is the thermal relaxation time and k is the thermal con-
ductivity of the fluid. Eliminating q from Eqs. (6) and (7) gives:
u @T












The boundary conditions for the present problem are:
u ¼ UwðxÞ ¼ U0ðxþ bÞm; v ¼ 0; T ¼ Tw at y ¼ Aðxþ bÞ
1m
2 ; ð9Þ
u! 0; T ! T1 as y!1: ð10Þ
Fig. 2. Schematic representation of domain.




















HðgÞ ¼ TT1TwT1 :
ð11Þ





ð1 BHÞðF 000  BH0F 0Þ þ FF 0  2m
mþ 1 ðF
0Þ2 M2F 0 ¼ 0;
ð12Þ
H00 þ PrFH0 þ Prc m 3
2





the boundary conditions becomes
FðaÞ ¼ að1mÞð1þmÞ ; F 0ðaÞ ¼ 1; Hð0Þ ¼ 1;
F 0ð1Þ ! 0; Hð1Þ ! 0;
ð14Þ





denotes the plat surface. In order to dimen-
sionalize the required equations and boundary conditions define F




ð1 BhÞðf 000  Bh0f 0Þ þ ff 0  2m
mþ 1 ðf
0Þ2 M2f 0 ¼ 0; ð15Þ
h00 þ Prfh0 þ Prc m 3
2





f ð0Þ ¼ að1mÞð1þmÞ ; f
0ð0Þ ¼ 1; hð0Þ ¼ 1;
f 0ð1Þ ! 0; hð1Þ ! 0:
ð17Þ
where M2 ¼ 2rB20ðmþ1ÞqU20ðxþbÞm1 is Hartmann number, B ¼ e
fðTT1Þ is the
variable viscosity parameters, Pr ¼ lcpk is Prandtl number and
c ¼ k2U0ðxþ bÞm1 is the thermal relaxation parameters.
The wall shear stress at the sheet is given by





the skin friction can be defined as
























The numerical solutions of non-linear ordinary differential Eqs.
(15) and (16) subject to boundary condition Eq. (17) are obtained
by Keller box method. Let uðx; gÞ, uðx; gÞ, pðx; gÞ and qðx; gÞ with
u = f
0





ð1 BhÞðv 0  Bq0vÞ þ fv  2m
mþ 1u







The rectangular grid in x–g plane is shown in Fig. 2 and the net
points are:
x0 ¼ 0; xi ¼ xi1 þ ki; i ¼ 1; 2; 3; :::I;
g0 ¼ 0; gj ¼ gj1 þ hj; j ¼ 1; 2; 3; :::J;
where ki and hj are the Dx and Dg -spacing.
Using central difference formulation at midpoint ðxi; gj1=2Þ as
½f ij  f ij1 ¼
hj
2





























 hM2uij1=2 ¼ Rj1=2; ð26Þ


















Rj1=2 ¼  1þ 1b
 














Tj1=2 ¼ ððqi1j  qi1j1Þ þ Prhqi1j1=2f i1j1=2













ðqi1j  qi1j1ÞÞ; ð29Þ
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0 ¼ 1; uiJ ¼ 0; pi0 ¼ 1; piJ ¼ 0: ð30Þ
Newton’s method is used to linearize Eqs. (22)–(26).
For this case
f ðiþ1Þj ¼ f ðiÞj þ df ðiÞj ; uðiþ1Þj ¼ uðiÞj þ duðiÞj ; v ðiþ1Þj ¼ v ðiÞj þ dv ðiÞj ;
pðiþ1Þj ¼ pðiÞj þ dpðiÞj ; qðiþ1Þj ¼ qðiÞj þ dqðiÞj ;
ð31Þ
put Eq. (31) in Eqs. (26) and (27) and neglecting higher order of d
df j  df j1 
hj
2
ðduj þ duj1Þ ¼ ðr1Þj; ð32Þ
duj  duj1  hj2 ðdv j þ dv j1Þ ¼ ðr2Þj; ð33Þ
dpj  dpj1 
hj
2
ðdqj þ dqj1Þ ¼ ðr3Þj; ð34Þ
ða1Þj1=2dv jþða2Þj1=2dv j1þða3Þj1=2dujþða4Þj1=2duj1þða5Þj1=2df j
þða6Þj1=2df j1 ¼ ðr4Þj1=2; ð35Þ
ðb1Þj1=2dqjþðb2Þj1=2dqj1þðb3Þj1=2dujþðb4Þj1=2duj1þðb5Þj1=2df j











































































j1=2; ð46Þðb6Þj1=2 ¼ ðb5Þj1=2; ð47Þ
ðr4Þj1=2 ¼ hfj1=2v j1=2 þ
2m
mþ 1hðuj1=2Þ
2 þ hM2uj1=2 þ Rj1=2;
ð48Þ
ðr5Þj1=2 ¼ ðqj  qj1Þ  Prhqj1=2f j1=2





j1=2 þ Tj1=2; ð49Þ
the boundary conditions become
df 0 ¼ 0; du0 ¼ 0; dp0 ¼ 0; duJ ¼ 0; dpJ ¼ 0: ð50Þ






























½A½d ¼ ½r; ð51Þ
where the elements are
½A1 ¼
0 0 1 0 0
 h12 0 0  h12 0
0  h12 0 0  h12
ða2Þ1 ða8Þ1 ða5Þ1 ða1Þ1 ða7Þ1







0 0 1 0 0
1 0 0  hj2 0
0 0 0 0  hj2
0 0 ða6Þj ða2Þj ða8Þ1





; 2 6 j 6 J ð53Þ
½BJ  ¼
 hj2 0 1 0 0
1 0 0  hj2 0
0 1 0 0  hj2
ða4Þj 0 ða5Þj ða1Þj ða7Þj





; 2 6 j 6 J ð54Þ
½CJ ¼
 hj2 0 0 0 0
1 0 0 0 0
0 1 0 0 0
ða3Þj 0 0 0 0





; 2 6 j 6 J ð55Þ
to solve Eq. (51), assume that A is nonsingular and can be factored
into




























Pr = 1, = 0.1, m = 0.1,
M = 0.1, B = 0.1, = 0.1,
Fig. 3. Influence of b on f 0ðgÞ.
(
)














M = 0.1, = 0.1, = 0.1,
= 0.1, B = 0.1, m = 0.1,
Fig. 4. Influence of Pr on hðgÞ.












where [I] is the identity matrix of order 5 and [ai], and [Ti] are 5  5
matrices which elements are determent by the following equation:
½a1 ¼ ½T1; ð57Þ
½a1½T1 ¼ ½C1; ð58Þ
and
½aj ¼ ½Aj  ½Bj½Tj1; ð59Þ
½aj½Tj ¼ ½Cj; ð60Þ
Eq. (56) can now be substituted into Eq. (51), we get
½LIUId ¼ ½r; ð61Þ
If we define
½UId ¼ ½W; ð62Þ
then Eq. (61) becomes












where [Wj] are 5  1 column matrices. The elements w can be
solved from Eq. (63)
½a1½w1 ¼ ½r1; ð64Þ
½aj½Wj ¼ ½rj  ½Bj½Wj1; ð65Þ
The step in which T, a and Wj are calculated is usually referred
to as the forward sweep. Once the elements of W are found, Eq.
(62) gives the solution so-called backward sweep, in which the ele-
ments are obtained by following relations:
½dJ  ¼ ½WJ; ð66Þ
½dj ¼ ½Wj  ½Tj½djþ1; 1 6 j 6 J  1: ð67Þ
Once the elements of are found, Eq. (37) can be used to find the
(i + 1)-th iteration in Eq. (31). These calculation are repeated until
some convergence criterion is satisfied and calculations are
stopped when
dv ðiÞ0 6 x; ð68Þ
where x = 0.001 is a small value.
4. Discussion
In this section, the influence of various pertinent parameters
such as Casson fluid parameter b, variable viscosity parameter B,
Hartmann number M, thermal relaxation parameter c and Prandtl
number Pr are deliberated for velocity and temperature profiles.
Fig. 3 shows the effect of the Casson fluid parameter v on velocity
profile. It is observed that the Casson parameter b creates aresistive-type force in the fluid flow. Consequently, the magnitude
of the velocity profile and boundary layer thickness reduces for
higher values of b. It is clear from Fig. 4 that temperature profile
reduces for higher value of Prandtl number Pr . The Prandtl number
Pr is contrariwise connected with thermal diffusivity. An increase
in Prandtl number Pr corresponds to decrease the thermal diffusiv-
ity, which causes temperature of the fluid to reduce. From Fig. 5 it
is observed that for higher value of Hartmann number M, magni-
tude of velocity profile and boundary layer thickness reduces.
Because an increase in magnetic field up rises the opposite force
to the flow direction, which is called resistive-type force (Lorentz
force), which redueces the velocity profile. Fig. 6 shows the impact
of wall thickness parameter a on velocity profile. It is evaluated
that the boundary layer thickness and the velocity profile reduces
with the increase in wall thickness parameter a. Because by
increasing wall thickness parameter a, stretching velocity of the
plate reduces which results reduction in the velocity profile
Fig. 7 describes the influence of power index m on velocity profile.
On increasing the power index m the stretching velocity increases
which produce distortion in the fluid causing velocity of the fluid
to increase. Fig. 8 shows the impact of thermal relaxation parame-
ter c on temperature profile. It is clear that temperature distribu-
tion and thermal boundary layer thickness reduces for higher
values of wall thickness parameter c.
f'(
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Pr = 1, = 0.1, m = 0.1,
= 0.1, = 0.1, B = 0.1,
Fig. 5. Influence of M on f 0ðgÞ.
(
)














Pr = 0.5, m = 0.1, M = 0.1,
= 0.1, = 0.5, B = 0.1,
Fig. 8. Influence of c on hðgÞ.
f'(
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Pr = 1, = 0.1, M = 0.1,
= 0.1, m = 0.1, = 0.1,
Fig. 9. Influence of B on f 0 ðgÞ.
f'(
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Pr = 1, = 0.1, m = 0.1,
M = 0.1, = 0.1, B = 0.1,
Fig. 6. Influence of a on f 0ðgÞ.
f'(
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Pr = 1, M = 0.1, B = 0.1,
= 0.1, = 1, = 0.5,


















B = 0.1, 0.5, 0.9,
Fig. 10. Influence of B and M on skin friction coefficient.
1990 M.Y. Malik et al. / Engineering Science and Technology, an International Journal 19 (2016) 1985–1992Physically, an increase in thermal relaxation parameter causes
less transfer of heat from sheet to the fluid. So temperature of
the fluid reduces with the increase in thermal relaxation
parameter. Fig. 9 shows the physical behavior of variable viscosityparameter B on velocity profile. It is obvious from the figure that
velocity of the fluid reduces with the increase in variable viscosity
parameter B. This is because as the variable viscosity parameter B


















= 0.1, 0.5, 0.9,
Fig. 11. Influence of b and M on skin friction coefficient.
Table 1
Comparison of the present results for f 0ð0Þ with the literature on varying Hartmann
number M when Pr = 1 , c = b = a = 0 but m = 1.
M Akbar et al. [30] Salahuddin et al. [31] Present Results
0 1 1 1
0.5 1.11803 1.11801 1.118105
1 1.41421 1.41418 1.14415
5 2.44949 2.44942 2.44947
10 3.31663 3.31656 3.31696
100 10.04988 10.04981 10.04983
500 22.38303 22038293 22.38284
1000 31.63839 31.63846 31.63851
Table 2
Comparison of h0(0) for different values of Prandtle number Pr when
c =M = a = b = 0 but m = 1.
Pr Wang [32] Salahuddin et al. [31] Present result
0.07 0.0656 0.0654 0.0651
0.20 0.1691 0.1688 0.1683
0.70 0.4539 0.4534 0.4537
2.00 0.9114 0.9108 0.9109
7.00 1.8954 1.8944 1.8948
20.00 3.3539 3.3522 3.3521
70.00 6.4622 6.4619 6.4626
Table 3
Numerical effects the skin friction coefficient for the different values B, b and M.
M B b Cf Re1=2x
0.1 0.1 0.1 2.5862
0.2 0.1 0.1 2.6353
0.3 0.1 0.1 2.7160
0.1 0.1 0.1 2.5862
0.1 0.2 0.1 2.3154
0.1 0.1 0.1 2.0423
0.1 0.1 0.1 2.5862
0.1 0.1 0.2 1.8849
0.1 0.1 0.3 1.6303
M.Y. Malik et al. / Engineering Science and Technology, an International Journal 19 (2016) 1985–1992 1991disrespects the velocity of the fluid to decrease. Figs. 10 and 11,
present the influence of Hartmann number M on local skin friction
coefficient for different values of variable viscosity parameter B
and Casson fluid parameter b. It is cleared from Fig. 10 that for
large values of Hartmann number M and variable viscosity param-
eter B the skin friction coefficient increases. Whereas, Fig. 11 shows
that skin friction coefficient reduces for large values of Casson fluidparameter b. Table 1 and 2 shows the comparison of the present
work with the previous literature. It is observed that the obtained
results are in excellent agreement with the published work [30–
32]. Table 3 shows the effect of different physical parameters on
skin friction coefficient.5. Conclusions
An analysis is done to solve the MHD flow of Casson fluid model
over a stretching sheet with variable thickness by assuming the
viscosity of the fluid to be variable. Cattaneo-Chirstov heat flux
model is used to discover the heat relocation phenomena. Keller
box method is applied to solve the governing nonlinear differential
equations. The main findings of this problem are listed below.
Velocity reduces for the large values of wall thickness parame-
ter a.
 For large values of power index m the velocity profile increases.
 Temperature profile increases more rapidly in Fourier‘s law case
instead of Cattaneo–Christov heat flux model.
 Velocity profile reduces for higher values of Hartmann number
M and variable viscosity B.
The momentum boundary layer thickness decreases for large values
of Casson fluid parameter b.
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